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Abstract
In this paper we show that although (∞/c0,weak) is sigma-fragmented by some metric it cannot
be decomposed into countably many fragmentable subspaces. Likewise, we show that although the
dual space of the continuous functions defined on the double arrow space is weak∗ sigma-fragmented
by some metric, it too cannot be decomposed into a countable union of fragmentable subspaces.
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1. Introduction
Consider a topological space (T , τ ) endowed with a metric ρ. For any non-empty subset
X of T and ε > 0 we say that X is fragmented down to ε if every non-empty subset of
X has a non-empty relatively τ -open subset of ρ-diameter less than ε. A subset X that is
fragmented down to ε for every ε > 0 is called fragmentable, while a subset X that satisfies
the property that for each ε > 0 there exists a countable family {Xεn: n ∈N} of subsets of X
such that (i) X =⋃i1 Xεi and (ii) each Xεi is fragmented down to ε, is said to be sigma-
fragmentable. Clearly every fragmentable space is sigma-fragmentable, however there are
sigma-fragmentable spaces that are not fragmentable, [5, Example 2.2].
One simple criterion for sigma-fragmentability is the following.
Proposition 1. Let (T , τ ) be a topological space. If the cardinality of T is at most that of
the continuum then (T , τ ) is sigma-fragmentable.
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Proof. Since the cardinality of T is at most that of the continuum there exists a one-to-one
mapping h :T → R. Now the metric ρ defined on T by, ρ(x, y) := |h(x)− h(y)| sigma-
fragments T . In fact for each ε > 0, T may be decomposed into countably many sets of
ρ-diameter less than ε. ✷
The remainder of this paper is divided into 3 parts. In Section 2 we will show that
(∞/c0,weak) is sigma-fragmentable but not decomposable into a countable union of
fragmentable subspaces while in Section 3 we characterise the dual space of the continuous
functions defined on the double arrow space. Finally, in Section 4 will show that the dual
space of the continuous functions defined on the double arrow space is weak∗ sigma-
fragmentable but not decomposable into a countable union of fragmentable subspaces.
2. (∞/c0,weak) is not a countable union of fragmentable spaces
Consider the Banach space ∞ of all bounded functions x :N→ R, endowed with the
norm ‖x‖ := sup{|x(n)|: n ∈ N} and its closed subspace c0 := {x ∈ ∞: limn→∞ x(n)=
0}. We will show that the quotient space ∞/c0, endowed with the weak topology cannot
be decomposed into a countable union of fragmentable subspaces. First however, let
us observe that since ∞ has the cardinality of the continuum ∞/c0 must be sigma-
fragmentable by some metric (see Proposition 1). To achieve our goal we need to consider a
topological game played on a topological space (X, τ). The game we have in mind involves
two players, Σ and Ω . Σ begins (always!) by selecting any non-empty subset A1 of X
and Ω responds by choosing a non-empty relatively τ -open subset B1 of A1. After the first
n moves of the game Σ selects any non-empty subset An of the last move Bn−1 of Ω and
the latter answers by choosing a non-empty relatively τ -open subset Bn of An, just chosen
by Σ . Continuing in this way the players produce a sequence of non-empty sets
A1 ⊇ B1 ⊇A2 ⊇ · · · ⊇An ⊇ Bn ⊇ · · ·
which is called a play and will be denoted by, p := {(Ai,Bi): i ∈ N}. The player Ω is
said to have won a play p := {(Ai,Bi): i ∈ N} if the set ⋂i1 Bi is at most countable.
Otherwise, the player Σ is said to have won this play. A partial play is a finite sequence
which consists of the first several moves
A1 ⊇ B1 ⊇A2 ⊇ · · · ⊇An or A1 ⊇ B1 ⊇A2 ⊇ · · · ⊇An ⊇ Bn
of a play. By a strategy σ for the player Σ we mean a ‘rule’ that specifies each move
of the player Σ in every possible situation. More precisely, a strategy σ := (σn: n ∈ N)
for Σ is a sequence of set-valued mappings such that σn(B1,B2, . . . ,Bn−1) ⊆ Bn−1
for each n > 1. The domain of each mapping σn is precisely the set of all finite
sequences (B1,B2, . . . ,Bn−1) of length n − 1 with Bj a relatively τ -open subset of
σj (B1,B2, . . . ,Bj−1) for all 1 j  n−1. [Note: the sequence of length 0 will be denoted
by ∅]. Such a finite sequence (B1,B2, . . . ,Bn−1) or infinite sequence (Bn: n ∈N) is called
a σ -sequence. A strategy σ := (σn: n ∈ N) is called a winning strategy if each infinite
σ -sequence is won by Σ .
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We now present a couple of preliminary results.
Let π : ∞ → ∞/c0 be the canonical mapping. By x (respectively y) we denote
the elements of ∞ (respectively ∞/c0). x∗ and y∗ will stand for the elements of
the respective dual spaces (∞)∗ and (∞/c0)∗. For x ∈ ∞, supp(x) denotes the set
{n ∈N: x(n) = 0}.
Lemma 1 [1]. Let x∗ ∈ (∞)∗ and let L be any infinite subset of N. Then there exists an
infinite subset L′ ⊆ L such that |〈x, x∗〉|< 1 whenever ‖x‖ 2 and supp(x)⊆ L′.
Given two subsets A and B of N we say that they are almost disjoint if A ∩ B is a
finite set. By using this definition in conjunction with Zorn’s Lemma we may obtain the
following well-known fact.
Lemma 2. Let L be any infinite subset of N. Then there exists an uncountable family of
infinite pairwise almost disjoint subsets of L.
Theorem 1. There exists a winning strategy σ for the player Σ in the game played in
(∞/c0,weak).
Proof. It will be convenient to operate simultaneously in X := ∞ and in Y := ∞/c0. The
choices of the player Σ will be of the form π(A), where A is a subset of X. The choices
B of the player Ω are subsets of Y . Parallel to the construction of the strategy σ for Σ we
will identify a strictly decreasing sequence (Li)i1 of infinite subsets of N and a certain
sequence (xi)i1 of elements of X which help us prove the theorem.
We begin by defining σ1(∅) := π(A1), where A1 := {x ∈ X: ‖x‖  1}. Let Ω’s
choice be some non-empty open subset of (π(A1),weak). Then there exists x1 ∈ A1 and
y∗j ∈ Y ∗, j = 1,2, . . . , k such that π(x1) ∈B1 and{
y ∈ Y : ∣∣〈y − π(x1), y∗j 〉∣∣< 1, j = 1,2, . . . , k}∩ π(A1)⊆ B1.
Applying Lemma 1 subsequently to the functionals x∗j = y∗j ◦ π, j = 1,2, . . . , k, we
arrive at an infinite set L1 which is a proper subset of N and is such that |〈z, x∗j 〉| < 1
whenever j = 1,2, . . . , k, ‖z‖  2 and supp(z) ⊆ L1. Let A2 := {x: ‖x‖  1, x(p) =
x1(p) for all p /∈ L1}. For x ∈ A2, supp(x − x1) ⊆ L1, ‖x − x1‖  2 and therefore,
|〈π(x) − π(x1), y∗j 〉| = |〈π(x − x1), y∗j 〉| = |〈x − x1, x∗j 〉| < 1 for j = 1,2, . . . , k. This
means that π(A2) ⊆ B1. Put σ2(B1) := π(A2). In general, we define inductively the
strategy σ := (σn: n ∈ N) which, together with the sets (Ai)i1, also generates the sets
(Li)i1 and the points (xi)i1 so that for every σ -play B1 ⊇ B2 ⊇ · · · the following
requirements are fulfilled for i  1:
(a) Li+1 is an infinite proper subset of Li ;
(b) xi ∈Ai ;
(c) Ai+1 := {x ∈X: ‖x‖ 1, x(p)= xi(p) for p /∈ Li};
(d) σi+1(B1,B2, . . . ,Bi) := π(Ai+1).
In particular, xi+1(p) = xi(p) for p /∈ Li . This allows us to define a point x∞ as
x∞(p) := xi(p) for p /∈ Li and x∞(p) = 1 for p ∈⋂i1 Li . Evidently, x∞ ∈⋂i1 Ai .
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We will now show that
⋂
i1 π(Ai) contains uncountably many elements. First, find some
infinite set L⊆N such that L\Li is finite for every i  1. This is possible because (Li)i1
is a strictly decreasing sequence of sets. Now by Lemma 2 there exists an uncountable
family B of infinite pairwise almost disjoint subsets of L. For each B ∈ B define xB by,
xB :=
{
x∞(p) for p /∈ B,
x∞(p)+ εp for p ∈ B,
where εp := −1 if x∞(p) 0 and εp := 1 if x∞(p) < 0. Then ‖xB‖ 1 and supp(x∞ −
xB)⊆ B for each B ∈ B. Moreover, if B,B ′ ∈ B and B = B ′ then xB − xB ′ /∈ c0. Hence
π(xB) = π(xB ′). Now we will show that π(xB) ∈ π(Ai) for every i  1 and B ∈ B. For
i = 1 this is so because xB ∈A1. For i  2 consider the element xiB defined by,
xiB :=
{
xB(p) for p ∈ Li−1,
x∞(p) for p /∈ Li−1.
Clearly, ‖xiB‖  1. Since x∞(p) = xi−1(p) for p /∈ Li−1, we have xiB(p) = xi−1(p) for
p /∈ Li−1. This means that xiB ∈ Ai and π(xiB) ∈ π(Ai). On the other hand, xiB(p) =
xB(p) for p /∈ B\Li−1. Indeed, for p ∈ Li−1, this is seen from the definition of xiB
and for p /∈ B ∪ Li−1 this is clear from the definitions of xiB and xB . This means
that supp(xB − xiB) ⊆ B\Li−1 and the latter is a finite set. Therefore, xiB − xB ∈ c0 or
π(xiB)= π(xB) ∈ π(Ai) for every i  2. This completes the proof. ✷
Lemma 3. Let (X, τ) be a topological space. If (X, τ) can be decomposed into countably
many fragmentable subspaces then the player Σ cannot possess a winning strategy σ for
the game played in (X, τ).
Proof. Suppose that X =⋃i1 Xi , where for each i ∈ N there exists a metric ρi on Xi
such that Xi is fragmented by ρi . Let σ := (σn: n ∈ N) be any strategy for the player Σ .
To prove the Lemma it will be sufficient to construct a σ -sequence where Σ loses. First,
let B1 be any relatively τ -open subset of σ1(∅) with ρ1-diam(B1 ∩ X1) < 1. Such a sets
exists since X1 is fragmented by ρ1. In general, let Bn be any relatively τ -open subset
of σn(B1,B2, . . . ,Bn−1) such that ρj -diam(Bn ∩ Xj) < 1/n for each 1  j  n. Again,
this is possible since each Xj is fragmented by ρj . Then for this σ -sequence we have that
ρj -diam([⋂i1 Bi ] ∩Xj)= 0 for each j ∈N and so ⋂i1 Bi is at most countable. Hence
σ is not a winning strategy for Σ . ✷
The following corollary is a refinement of Theorem 2.3 in [6], where it was shown that
(∞/c0,weak) is not fragmented by any metric.
Corollary 1. (∞/c0,weak) cannot be decomposed into countably many fragmentable
subspaces.
Remark. It is known that there exist Banach spaces X for which (X,weak) is not sigma-
fragmented by any metric (see [7]).
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3. Representation of the dual of a Banach space
We shall consider the Banach space D of all real-valued functions on (0,1] that have
finite right-hand limits at the points of [0,1) and are left-continuous at the points of (0,1],
endowed with the sup-norm and we shall characterise the dual of this space in terms of
functions of bounded variation. Given bounded functions f and α defined on (0,1] and
[0,1] respectively and a partition P := {tk: 0 k  n} of [0,1] where,
0 = t0 < t1 < t2 < · · ·< tn = 1
the Riemann–Stieltjes sum of f with respect to α, determined by P , is the real number:
S(P,f,α) :=
n∑
k=1
f (tk) ·
[
α(tk)− α(tk−1)
]
.
We say that f is Riemann–Stieltjes integrable with respect to α if there exists a real number
I such that for every ε > 0 there exists a partition Pε of [0,1] such that |S(P,f,α)−I |< ε
for all partitions P that refine Pε . In this case I is denoted by, I :=
∫
[0,1] f (t)dα(t) and is
called the Riemann–Stieltjes integral of f with respect to α.
We shall denote by BV[0,1] the space of all real-valued functions of bounded variation
on [0,1] that map 0 to 0. We will consider this space endowed with the total variation
norm, i.e.: for each α ∈ BV[0,1],
‖α‖ := Var(α)= sup
{
n∑
k=1
∣∣α(tk)− α(tk−1)∣∣: {tk: 0 k  n} is a partition of [0,1]
}
.
Lemma 4 (Uniform approximation lemma). For each f ∈ D and ε > 0. Then there
exists a partition Pε := {tk: 0  k  n} of [0,1] such that ‖f − fPε‖∞ < ε, where
fPε : (0,1]→R is defined by, fPε (t) :=
∑
1kn f (tk) · χ(tk−1,tk](t).
One can now use this lemma to prove the following theorem.
Theorem 2. Suppose that α : [0,1] → R has bounded variation and f ∈ D then f is
Riemann–Stieltjes integrable with respect to α.
Proof. First note that to show f is Riemann–Stieltjes integrable with respect to α we
need only show that for every ε > 0 there exists a partition Pε of [0,1] such that
|S(Pε, f,α) − S(P ′, f,α)| < ε for all partitions P ′ that refine Pε . Further, a completely
elementary calculation shows that for any g,g′ ∈ D and partition P we have that
|S(P,g,α) − S(P,g′, α)|  ‖g − g′‖ · Var(α). Therefore, if we fix ε > 0 and choose a
partition P of [0,1] such that ‖f − fP ‖< ε/(Var(α)+ 1) then,∣∣S(P,f,α)− S(P ′, f,α)∣∣  ∣∣S(P,f,α)− S(P,fP ,α)∣∣
+ ∣∣S(P,fP ,α)− S(P ′, fP ,α)∣∣
+ ∣∣S(P ′, fP ,α)− S(P ′, f,α)∣∣
< 0+ 0+ ε = ε
for all partitions P ′ that refine P . ✷
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Theorem 3. The dual of D is isometrically isomorphic to BV[0,1].
Proof. Consider the linear mapping T :D∗ → BV[0,1] defined by,
T (x∗)(0) := 0 and T (x∗)(t) := x∗(χ(0,t ]) for 0 < t  1.
We claim that T is an isometry from D∗ onto BV[0,1]. First we will show that ‖T (x∗)‖
‖x∗‖ for all x∗ ∈ D∗. To this end, let x∗ ∈D∗, P := {tk: 0  k  n} be any partition of
[0,1] and σk := sgn[T (x∗)(tk)−T (x∗)(tk−1)] for each k ∈ {1,2, . . . , n}. We define y ∈ BD
by,
y(t) :=
n∑
k=1
σk ·
(
χ(0,tk] − χ(0,tk−1](t)
)= n∑
k=1
σk · χ(tk−1,tk](t).
Then by the definition of σk we have the following:
n∑
k=1
∣∣T (x∗)(tk)− T (x∗)(tk−1)∣∣ = n∑
k=1
σk ·
[
T (x∗)(tk)− T (x∗)(tk−1)
]
=
n∑
k=1
σk · x∗(χ(tk−1,tk])= x∗(y) ‖x∗‖.
Thus ‖T (x∗)‖ = Var(T (x∗)) ‖x∗‖. Now we show that ‖x∗‖ ‖T (x∗)‖ for all x∗ ∈D∗.
To accomplish this it is sufficient to show that |x∗(f )| ‖T (x∗)‖ · ‖f ‖∞ for all f ∈D.
In fact, because of Lemma 4, it is sufficient to show that |x∗(f )|  ‖T (x∗)‖ · ‖f ‖∞ for
all f ∈ Y , where Y is the linear span of all the functions (in D) of the form: χ(0,x], with
x ∈ (0,1]. This however follows from a routine calculation. So it remains to show that T
is onto. To this end, let α ∈ BV[0,1] and define x∗ ∈D∗ by,
x∗(f ) :=
∫
[0,1]
f (t)dα(t) for all f ∈D.
Then since∣∣∣∣
∫
[0,1]
f (t)dα(t)
∣∣∣∣ ‖α‖ · ‖f ‖∞ for all f ∈D
it follows that x∗ is indeed a member of D∗. Now for each 0 < t  1,
T (x∗)(t)= x∗(χ(0,t ])=
∫
[0,1]
χ(0,t ] dα = α(t),
i.e.: T (x∗)= α and so T is onto. ✷
We shall denote by τp the topology (on BV[0,1]) of pointwise convergence on (0,1].
With this topology the closed unit ball in BV[0,1] (with respect to the total variation norm)
is τp-compact.
Corollary 2. (BV[0,1], τp) is homeomorphic to D∗ endowed with the weak topology
generated by the functions: χ(0,x] such that x ∈ (0,1]. In particular, the unit ball B in
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BV[0,1] with the τp-topology is homeomorphic to (BD∗ , weak∗). In fact the mapping T
defined in the previous theorem, restricted to the ball BD∗ , realizes such a homeomorphism.
The “double arrow” space L is the set of points ((0,1] × {0}) ∪ ([0,1)× {1}) in R2
endowed with the order topology from the lexicographical order: (s, i) < (t, j) if either
s < t or s = t and i < j . This space is compact and Hausdorff. It is shown in [2, p. 47] that
the space D is isometrically isomorphic to C(L) endowed with the sup-norm.
4. (BV[0,1], τp) is not a countable union of fragmentable spaces
In this section we show that (BV[0,1], τp) cannot be represented as a countable union
of fragmentable subspaces, although by Proposition 1, it is sigma-fragmentable.
We say that a set-valued mapping ϕ :X→ 2T acting between topological spaces X and
T is minimal at a point x ∈X if for every neighbourhoodW of x and open set U in T with
ϕ(x)∩U = ∅ there exists a non-empty open subset W ′ ⊆W such that ϕ(W ′)⊆U . We say
that ϕ is minimal on X if ϕ is minimal at each point of X.
Proposition 2. Let (T , τ ) be a topological space. If T can be represented as a countable
union of fragmentable spaces then every minimal mapping ϕ :X → 2T defined on a
topological space X is at most countably-valued at the points of a residual subset of X.
Proof. Suppose that T :=⋃n∈N Tn, where for each n ∈ N there exists a metric ρn on
Tn such that Tn is fragmented by ρn. Let ϕ :X→ 2T be a minimal mapping defined on
a topological space X. To prove the claim of the proposition it is sufficient to show that
for each n ∈ N there exists a residual set Rn in X such that card[ϕ(x)∩ Tn] 1 for each
x ∈ Rn. In fact it is sufficient to show that for each ε > 0 the open set Oε :=⋃{W ⊆
X: W is open in X and ρn-diam (ϕ(W) ∩ Tn) < ε} is dense in X. So let us consider W ,
a non-empty open subset of X. Now if ϕ(W) ∩ Tn = ∅ then ∅ = W ⊆ Oε ∩ W and
we are done. In the other case (i.e.: ϕ(W) ∩ Tn = ∅) there exists an open set U in T
such that [ϕ(W) ∩ Tn] ∩ U = ∅ and ρn-diam ([ϕ(W) ∩ Tn] ∩ U) < ε. Hence by the
minimality of ϕ there exists a non-empty open subset W ′ of W such that ϕ(W ′) ⊆ U
and so ϕ(W ′)∩ Tn ⊆ [ϕ(W)∩ Tn] ∩U ; which shows that ρn-diam (ϕ(W ′)∩ Tn) < ε, i.e.:
∅ =W ′ ⊆Oε ∩W . ✷
Example 1. Let Σ :=∏n∈N(1/2n,1/2n−1). Then for each σ ∈ Σ (i.e.: σ := (σn: n ∈
N) with σn ∈ (1/2n,1/2n−1)) we define Mσ : [0,1] → 2R by, Mσ(t) := {1/2n} if t ∈
(σn+1, σn) for some n ∈N; Mσ(t) := {1/2n,1/2n−1} if t = σn for some n ∈N;Mσ(0) := 0
and Mσ(t) := 1 if t ∈ (σ1,1]. Now we define ϕ :Σ → 2BV[0,1] by, ϕ(σ) := {α ∈
BV[0,1]: α(t) ∈ Mσ (t) for all t ∈ [0,1]}. Then for each σ ∈ Σ , card[ϕ(σ)] = 2ℵ0 and
ϕ(σ) is τp-compact. One can now check (carefully) that when Σ is given the product
topology, ϕ is a minimal mapping (actually, ϕ is a minimal usco).
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Corollary 3. (BV[0,1], τp) cannot be expressed as a countable union of fragmentable
topological subspaces.
Proof. This follows directly from Proposition 2 and Example 1 and the fact that Σ
endowed with the product topology is completely metrizable and hence a Baire space. ✷
Corollary 4. Let L denote the double arrow space, then (C(L)∗, weak∗) cannot be
expressed as a countable union of fragmentable topological spaces.
Proof. The proof of this follows from Corollary 3 and the fact that the mapping ϕ in
Example 1 mapped into B , the closed unit ball in BV[0,1], (with respect to the total
variation norm). ✷
Example 2. We finish this paper with one more example of a Banach space (with its
weak topology) that cannot be expressed as a countable union of fragmentable spaces. In
the paper [3] the following Banach space is considered. Let Γ be any uncountable set
and let X := ∞c (Γ ) denote the Banach subspace of ∞(Γ ) consisting of all bounded
real-valued functions on Γ having countable support. In Theorem 3.6 of [3] the authors
construct a minimal set-valued mapping from a complete metric space into (∞c (Γ ),weak)
that is nowhere countably-valued. Therefore, by Proposition 2, (∞c (Γ ),weak) cannot
be decomposed into countably many fragmentable subspaces. On the other hand, if the
cardinality of Γ is at most that of the continuum then (∞c (Γ ),weak) is sigma-fragmented
by some metric (see Proposition 1).
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